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Abstract. We study almost periodic pseudodifFerential operators 
acting on almost periodic functions Gap(R'^) of Gevrey regularity 
index s > 1. We prove that almost periodic operators with sym- 
bols of Hormander type 5*"^ satisfying an s-Gevrey condition are 
continuous on G^p(R'') provided 0<p<l, 5 = and sp > I. A 
calculus is developed for symbols and operators using a notion of 
regularizing operator adapted to almost periodic Gevrey functions 
and its duality. We apply the results to show a regularity result in 
this context for a class of hypoelliptic operators. 



0. Introduction 

Almost periodic (a.p.) pseudodifferential operators (\l/DO) on 
are operators defined by Hormander type symbols S^^ that are almost 
periodic in the space variables. They have been studied thoroughly, in 
particular by M. A. Shubin [32H36] . and by Coburn, Moyer and Singer 
[3], Dedik [5], Filippov [7], Pankov [22], Rabinovich [23] and Wahlberg 
[3S]. The related class of pseudodifferential operators on the torus T*^ 
(where the almost periodicity is replaced by periodicity) is treated by 
Ruzhansky and Turunen |28j (see also their recent monograph [29j). 

Shubin proved that a.p. "^DOs act continuously on smooth a.p. func- 
tions, and that the operator norm on equals that on [351 Theorem 
4.4]. Here B'^{R'^) is the Hilbert space of Besicovitch a.p. functions such 
that the Fourier coefficients are square summable. Moreover, Shubin 
introduced scales of Sobolev spaces W[(R'^) of a.p. functions, t G M, 
p E [l,oo], defined by the norm 
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(for p G [1,00), with obvious modification for p = 00) where = 
■^xif {x)e~'^'"^^'^) is the Bohr-Fourier transform, ^ being the mean 
value functional of a.p. functions [HEO], and (^) = (1 + I^P)^^^- 

For p = 2 and an a.p. "^DO denoted A with symbol in 5*^^, < 
6 < p <1, Shubin proved the continuity of A : W^{R'^) ^^ W^_^(R'^) 
for any t G M [32^ Theorem 4.3]. Furthermore, in the scale and 
^-00 = UtgR he proved a regularity result for formally hypoelliptic 
operators. More precisely, [351 Theorem 5.3] says that if A is a formally 
hypoelliptic a.p. "^DO with symbol in S^f^", < 6 < p < 1, and 
u G Wl^{R'^) then Au G VT^^R"') implies u G Wt\^^{R'^) for any 
t G M. 

This paper treats almost periodic pseudodifferential operators acting 
on a.p. functions that are Gevrey regular of order s > 1. The Gevrey 
scale measures regularity between analytic (s = 1) and C°° (see e.g. 
|26]). We are aiming for Gevrey versions of Shubin's results. The 
general s-Gevrey functions / G G^(fi) on an open set C satisfy 
by definition estimates of the type 

(0.1) sup|9"/(x)| <C;^+'"'(a!)^ aGN^ Ck > 0, 

x&K 

for each compact set K C f2 [26]. A crucial remark, and the first 
motivation for our paper, is the following. For a.p. s-Gevrey functions, 
s > 1, it is a priori not clear whether a global constant C > exists 
such that 

(0.2) |5°/(x)| < C^+I"l(a!)^ a&n\ x &W^. 

We show by means of an example (see Example 12.11) that there exist 
a.p. s-Gevrey functions such that no finite constant can be used in a 
global estimate. After that, we restrict our attention to a.p. s-Gevrey 
functions that satisfy the global bound (10.21) . We introduce the union 
of such spaces over all C > 0, denoted G'^p(R°'), and equip it with its 
natural inductive limit topology as a union of Banach spaces. 

We define symbol classes such that a(-,0 ^-P- functions for all 
^ G M*^, and moreover obey estimates of the form 
(0.3) 

|a^afa(x,OI < Ci+l"l+l/3|(a!)-(p-'5)/3!(^)— x G (0 > B\(3\\ 

for multi-indices a, /3 G where C>0, i?>0, mGM, 0<5< 
p < 1, and s(p — 5) > 1. A pseudodifferential operator with symbol a 
acting on a smooth a.p. function / is defined by 

(0.4) a(x,D)/(x)= hm // x{ey)xH)e'-'^-^^-y^a{x,Of{y)dydS, 

where x ^ (^^(M*^) equals one in a neighborhood of the origin. 

The symbols defined by (10.31) . without the a.p. condition on a(-,^) 
for all ^ G M*^, are global versions of symbols for \l/DOs acting on 
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Gevrey spaces by means of the definition 
(0.5) 

a{x,D)f{x)= [ e'-'^M^,0^f{Od^, / G ^^(M'^), s > 1, 

wliere ^ denotes the Fourier transform and denotes the compactly 
supported s-Gevrey functions. Many authors have contributed to the 
calculus of "^DOs of this form acting on Gevrey spaces, among them 
Boutet de Monvel and Kree [1], Hashimoto, Matsuzawa and Mori- 
moto [11], Liess and Rodino [19], and Rodino and Zanghirati [27tB0]. 
For a comprehensive survey we refer to Rodino f2E[ Chapter 3]. In the 
above cited literature, the symbol estimates are assumed to hold only 
locally when x & K for compact sets K C M'^, with constants C = Ck 
and B = Bk depending on and moreover the polynomial growth 
term in the symbol {S)^-, where m corresponds to a finite order, is re- 
laxed to an exponential bound exp(£:|^|^/'^) for some > 0, for any 
e > 0. This suffices to prove that a{x,D) defined by flO.Sp is continuous 
a{x,D) : G-l(R'^) ^ G%R'^). By duality a{x,D) extends to a continu- 
ous operator from compactly supported s-Gevrey ultradistributions to 
s-Gevrey ultradistributions [26j. 

In the following we describe our results where we always assume 
5 = 0. We show that a symbol that is a. p. in the first variable and 
satisfying (10. 3p gives an operator defined by (10. 4p that is continuous 
on G^p(]R'^), for s > 1. In fact, we show a more general result where 
the symbol a{x,^) in (10. 4p is replaced by an amplitude a{x,y,^) that 
depends on both space variables x, y and satisfying estimates corre- 
sponding to (10. Sp . The continuity admits us to extend the action of 
a{x, D) to a weak* continuous map on the topological dual (G'lp)'(R'^). 

We have the embedding Vr,^,o(K'^) ^ (Qp)'(K'^)> where l^i,o(K'^) de- 
notes the space of a. p. functions / such that 

5^exp(-5|^|^/^)|^| <oo V5>0. 

It follows that 

a{x,D):Wl,{W')^{Gl^)'{R') 

is continuous. We will adopt WIq{W^), rather than (G*p)'(]R'^), as a uni- 
verse set, corresponding to the s-Gevrey ultradistributions of compact 
support in the local calculus ^B] . 

In the next step we develop a calculus of a.p. ^DOs acting on 
G^p(]R'^). We introduce the notion of a regularizing operator as an 
operator that is continuous 

a(x,D):<o(K')^G':p(M^). 

Adapting the calculus of [261 Chapter 3.2] (cf. [TT1[T9|H0]) to the current 
situation, we define the concept of a formal sum X]j>o symbols 
and the equivalence relation of formal sums X]j>o% ~ J2j>o^j' 
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we prove that a ~ implies that a{x,D) is regularizing. We also prove 
that an a.p. "^DO defined by an amplitude of three variables a{x,y,C,) 
can be written as an operator with symbol b ~ X]j>o^i' "where 

H=j 

modulo a regularizing operator. The proof is based on ideas from 
PT | [T ^ I2 ^ Bn] with some modifications and additional arguments, which 
take into account almost periodicity (cf. [32H36] ) and the uniformness 
of estimates over the space variables. 

Using the the latter result, we prove the following essential part of 
the calculus. The composition of two a.p. \E'DOs a{x, D) and b{x, D) 
can be written as (a o b){x,D) modulo a regularizing operator, where 
a o 6 is the formal sum X]j>o '^i where 

|a|=i 

As an application of the calculus we show the following result. Let 
a be an a.p. symbol of type ( 10.31) that is formally s-hypoelliptic in the 
sense that there exists C, Ci > 0, A, i? > and mo < m such that 

\a{x,i)\>C,{ir\ a;GM^ \i\> A, 

xeW^, 1^1 > max(A5|/3n, 

with 0<p<l,s>l,s>l/p. Then there exists a symbol b of order 
—mo such that Ri and R2 are regularizing, where 

Ri = a{x, D)b{x, D) - /, R2 = b{x, D)a{x, D) - I. 

This gives the following regularity result. If a is an a.p. formally s- 
hypoelliptic symbol in the above sense, then / G WlQiW'') and a(x, D)f G 
Gl^iW') imply / G Gl^iW'). 

As a consequence we obtain an almost periodic Gevrey version of the 



celebrated result by Hormander [12] and Malgrange [21], saying that 
if a linear partial differential operator P has constant strength and a 
symbol ^) such that p(xo, ■) is a hypoelliptic polynomial for some 
Xq G M*^, then P is hypoelliptic. An s-Gevrey version of this result 
is [2S1 Theorem 3.3.13]. 

Our almost periodic s-Gevrey result says that if P is a linear partial 
differential operator of constant strength with coefficients in G'^p(M'^), 
and a symbol p such that p(xo, ■) is a hypoelliptic polynomial for some 
Xo G M'^ and \p{x,C)\ > C\p{xo,0\ for C > and |^| large and x G R'^, 
then / G Wl^iR'^) and Pf G G^p(M'^) imply / G Glp{R'^), for s > 1. 

Let us finally describe how the material is ordered, and add some 
comments. Sections [1] and [2] are devoted to Gevrey almost periodicity. 
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Almost periodic ultra-distributions were treated by Gomez-Collado in 
PH] following the lines of L. Schwartz' almost periodic distributions 
|31] . We follow here a somewhat different approach. First we define 
G^p(M'^) as the space of almost periodic s-Gevrey functions that can 
be estimated as \d"f{x)\ < C^~^^°'^{a\y with a global constant C > 0. 
We also define its topological dual (G'^p)'(M'^). The pathologies that 

one meets when the set of frequencies A = {.^ G M*^ : 7^ 0} is 
bounded in [32l|35] are not excluded. In fact, in this general case 
for / G G'^p(M'^), the bound in Lemma [2731 

\fy<Cexp{-e\^\'/^), E>0, ^ER', 

give no more information than boundedness, and we cannot identify 
/ with an element of Wj^Q(]R'^). A more comforting situation is recap- 
tured by imposing on A the (very mild) non-boundedness condition, cf. 
(12I3D: 

^exp(-e|e|^/') < 00 Ve>0. 

Under such an assumption we can embed G^p(l^°') as a subspace of 
WlgiR"^) and the inclusion G'^p(M'^) C (G^p)'(R'^) becomes an embed- 
ding, see fl2.14p in Proposition 12.41 and Proposition 12.51 

Sections [3] and S] are devoted to Gevrey almost periodic pseudodif- 
ferential operators. The main technical difficulty is to keep track when 
X — >^ 00 of the constants in the local estimates of [TT],|TSl[2Sllin]- We 
are able to do it in general only for 5 = 0, see in particular the basic 
Proposition 13.41 on continuity, though the main definitions and some 
results are set in the generic classes 5"^^. 

In Section [5] we give an application to a. p. partial differential oper- 
ators of constant strength. 

1. Preliminaries on almost periodic functions 

The topological dual of a topological vector space X is denoted X'. 
An inclusion X C y of two topological spaces X and Y is called an em- 
bedding if it is continuous. The symbol C(M'^) denotes the space of con- 
tinuous complex- valued functions and CbiW^) = C(R'^) n L°°(R'^). We 
write Dj = —id/dxj, D = {Di, D2, . . . , D^), and for a = (ai, . . . , a^) G 

a" = — — — . 

For m G N, the space C^(M'^) consists of all functions / such that d'^f G 
Cb(R'^) for all aeN'^ with |a| < m, and C~(M'^) = fj^e^ C'r(M'^). The 
space of smooth functions with compact support is denoted C^(M'^). 
The Schwartz space is written ^{W^) and consists of smooth functions 
such that a derivative of any order multiplied by any polynomial is 
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uniformly bounded. Its topological dual is the space of tempered dis- 
tributions ^'(M'^). The Fourier transform for / G L^(]R'^) is defined 
by 



The L^-product (■, is conjugate linear in the second argument. For 
distributions and test functions, e.g. / G ^'(R"') and (p G ^(R°') we 
denote by {f,(p) = (/, ^) the conjugate linear action of / on Thus 
(/, ip) denotes / acting linearly on ip. 

The space of trigonometric polynomials is denoted TP(R'^) and con- 
sists of finite linear combinations of the form 



TP(A) denotes the subspace of TP{R'^) where ^ G A for A C R<^. 

The space of uniform almost periodic functions is denoted Cap(M'^) 
and defined as follows. A set f/ C is called relatively dense if there 
exists a compact set K C M'^ such that {x + K) n U 7^ for any 
X G M . For e > 0, an element r G M'' is called an e-almost period of a 
function / G Cfe(M'^) if sup 3, |/(a; + r) — < e. The space Cap(R ) is 
defined as the set of all / G Cb(M'^) such that, for any £ > 0, the set of e- 
almost periods of / is relatively dense. With the understanding that the 
uniform almost periodic functions is a subspace of C;,(M'^), this original 
definition by H. Bohr is equivalent to the following three [20|[35]: 

(i) The set of translations {/(■ —x)}x^^d is precompact in Cb(R'^); 

(ii) / = g o i^^ where is is the canonical homomorphism from 

into the Bohr compactification R% of R'^, and g G C(R%). 
Hence / can be extended to a continuous function on M^; 

(iii) / is the uniform limit of trigonometric polynomials. 

Here the Bohr compactification of a locally compact abelian group G 
is a compact abelian topological group constructed as the group dual 
to {G', with discrete topology), that is Gb = {G'^^^^^)' [35] . 

The space Cap(M'^) is a conjugate- invariant complex algebra of uni- 
formly continuous functions, and a Banach space with respect to the 
norm. For / G Cap(M'^) the mean value functional 



where Kt = {x G M"' : < Xj < T, j = 1, . . . ,d}, exists independent 
of s G M'^. By we understand the mean value in the variable x of 
a function of several variables. The Bohr-Fourier transformation [20] 
is defined by 




(1.1) 





(1.2) 




^B/(0 = /€ = ^.(/(a^)e-'"«-^), eeM^ /GCap(M'^), 
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and 7^ for at most countably many ^ G W^. The set A = G 
R«« : _^ ^ 0} is called the set of frequencies for /. (For / G TP(R'^) 
the frequencies are the ^ G M*^ such that 7^ in fll.ip .) A function 
/ £ Cs^p{M.'^) may be reconstructed from its Bohr-Fourier coefficients 



(/c)ceA using Bochner-Fejer polynomials 

For m G N, the space C^(ffi'^) is defined as all / G C™(M'^) such that 
d°f G Cap(ffi'^) for |a| < m, with norm 



^ sup 1 9"/ (x) I . 



We set C~(M'^) = flmGN ^'I^^l^ equipped with the projective limit 
topology defined by all inclusions C^lffi'^) C C™(M'^), m G N [UlESl 
150] . By definition, this is the weakest topology such that all inclusions 
are continuous. We have = C^p n C^°° [32] • 

The next result is well known and concerns the Bohr-Fourier trans- 
formation and differentiation. We include a proof for completeness. 

Lemma 1.1. /// G C^(M'^) then Td^^ = {2m^Y% for any a G N'^. 

Proof. Let x = (xi, x') where Xi G M, x' G M'^"^ and i^-^ = {x' G R'^"^ : 
< Xfc < T, A; = 2, . . . , c?}. Keeping in mind that \K'rp\ = T'^^^ and / 
is bounded, integration by parts gives 

(aj), = lim T-^ f ( [ 9i/(xi,x')e-2™^«Mxi^ e-^'^'^'-^'fix' 

Likewise (djf)^ = 27ri^jf^ for 1 < j < and the result follows by 
induction. □ 

The mean value defines a sesquilinear form 

(1.3) {f,9)B = ^{f9), f,geC,p{R'). 

If we set = {f-,f)^B^ we obtain a norm on Cap(M'^); in fact, due 

to Parseval's formula for C^p{W^) [20j 
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we have the imphcation = =^ f = 0. The completion of 

TP(R'^), or Cap(M'^), in the norm || ■ ||_b is the Hilbert space of Besi- 
covitch a.p. functions i?^(R'^) [32] ■ We have the Hilbert space isomor- 
phism _B^(R°') ~ L^(R^) where L^(R^) denotes the space of square 
integrable functions on the Bohr compactification R^, equipped with 
its Haar measure /i, normalized to /i(R^) = 1 [35] . 

Inspired by the usual Sobolev space norms for tempered distributions 
on R"^ 

ll/IIW)= (^^(ef , teR, 

Shubin [32j has defined Sobolev-Besicovitch spaces of a.p. functions 
H'^{R'^) for t e R, as the completion of TP{R'^) in the norm corre- 
sponding to the inner product 

{f,9)HnR^) = E e TP(R'^). 

The spaces Hf{R'^) are nonseparable Hilbert spaces, H^{M.'^) = B^{M.'^), 
and one defines 

Hii^') = n ^m'), ^!oo(K') = u ^'(^')- 

H^(M.'^) is equipped with the projective limit topology defined by all 
inclusions H^{R'^) C H^{R'^) for t G R. Hl^{R'^) is equipped with the 
inductive limit topology p^[25ll30] . This means that H'i^{R''') has the 
strongest locally convex topology such that the inclusions Hf{R'^) C 
H'i^(R''-), for all t G R, are continuous. 

We will use the following lemmas which are consequences of general 
results for projective and inductive limit topologies defined by families 
of locally convex spaces. For their proofs, see [301 Theorem II. 5. 2 and 
Theorem II. 6.1], respectively. 

Lemma 1.2. Let Z be a linear space, and letXj Z , j E J, be Banach 
spaces indexed by a partially ordered set J. Define on X = fljg j -^j 
projective limit topology defined by all inclusions ij : X (1 Xj, j G J. 
If Y is a topological space and T is a map from Y into X , then T is 
continuous if and only if ij oT : Y Xj is continuous for each j G J. 

Lemma 1.3. Let Z be a linear space, and let Xj ^ Z , j E J , be Banach 
spaces indexed by a partially ordered set J . Define on X = IJjg j -^j 
inductive limit topology defined by all inclusions ij : Xj C X, j G J. If 
Y is a locally convex space and T is a linear map from X into Y , then 
T is continuous if and only if the restriction T o ij = T\-^ : Xj ^ Y 

is continuous for each j G J . 

Lemma 1 1.1 1 and the embedding Cap(R'^) C B'^{R'^) imply the em- 
bedding C^(R'^) C H'l^iR'^). But there is no result corresponding to 
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the Sobolev embedding theorem for the Sobolev-Besicovitch spaces. In 
fact, Hl^iM.'^) is not embedded in C^p(R'^) [52] • 

The notion of Sobolev spaces of a.p. functions can be generahzed to 
the family of Banach spaces W[{M.'^), j9 G [1, oo] and t G M, defined by 
completion of TP{W^) in the norm 

i/p 

;i-4) = ( E ' 



when p G [1, oo) (with the standard modification when p = oo), and 

(1.5) W^{R') = fl lyf (M^), Wl^iR") = U W[{R'), 

equipped with their projective and inductive limit topologies, respec- 
tively. The Sobolev-Besicovitch spaces W[{M.'^) for p G [l,oo] and 
i G R have been studied in [6],[T5l[32]. An important special case is 
Wg^(R'^) consisting of functions / with finite Bohr-Fourier coefficient 
/ (M ) norm [82[I88|I85]. For / G W^iW^) the Fourier series is absolutely 
convergent, which shows the embedding 

(1.6) lyo'(K') ^ap(M'^). 

The inclusion is strict (cf. Exercise 1.6.6]). Moreover, lVg^(R'') is a 
subalgebra of Cap(M'^) with respect to pointwise multiplication. 

We will adopt a different scale of weights on the Bohr-Fourier coef- 
ficients. Namely we define for s > 1, p G [1, oo] and e G M the Banach 
space Wfi,{M.'^) as the completion of TP(M"') with respect to the norm 

i/p 



(modified as usual for p = oo). In particular we use 



exp(-e|er/^)|/d. 



When e > the space W}^(M.'^) contains elements such that grows 
very rapidly with ^. We set 

(1.8) W!^,(R') = []WIM'), 

£>0 

and equip the space W^q(M'^) with the projective limit topology defined 
by all inclusions WIq{R'^) C Wl^{R'^) for £ > 0. Finally we define 

(1.9) Wl,_{^') = [jWl,{R'), 

e<0 
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and equip WgQ_{R. ) with the inductive hmit topology defined by all 



inclusions WP^iM.'^) C Vrfo„(M^), e <0. The embedding 



,0 

follows from Lemma 11.21 and Lemma IL3[ 



2. Almost periodic Gevrey regularity 

Let C be open and s > 1. The Gevrey space of order s is 
denoted G^{Q) and defined as the space of all / G C°°{fl) such that for 
any compact set K (1 Q there is a constant C > such that 

(2.1) |5"/(a;)| < C^+I"l(a!)^ x e K, a G N^. 

Then G^{Q) = A{Q) is the space of analytic functions in Q. When 
s > 1 the Gevrey space C^^Q) contains functions of compact support; 
the set of compactly supported C^i^Q) is denoted by Gl{Q). Each 
Gevrey space G'*(fi) is an algebra with respect to multiplication, and is 
invariant under differentiation. For more information about the Gevrey 
spaces we refer to [26] . 

We shall study functions that are both almost periodic and members 
of a fixed Gevrey class G*(M'^), s > 1. A natural question is whether the 
estimates for the derivatives (12.11) are global when / G (Cap fl G*)(R'^). 
This means that we have 

(2.2) |9"/(x)| < fiCl"l(a!)^ xgM^ a G 

for some constants B,C > 0. The following example shows that this is 
not the case in general. 

Example 2.1. Let s > 1, d = 1, 

(2.3) g,{x) = 
and 

tpix) = gsix)gsil - x). 

Then suppV' = [0, 1] and ip G G^(R) (see for example [2]), and hence 
there exists C > such that 

sup \d^ iIj{x)\ <C^{3\y, j>0. 




Denote 



so that 



Co= sup {\d^^ix)\ij\rf^' >0 

x&R, j>l 



(2.4) sup \d^^{x)\{j\)-'C-^ <1 ^ C>Co. 

xgK, j>l 
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Next we define ipni^) = ipi'^x) for integer n > 1, so tliat supp^^n C 
[0, l/n], and we put 

= ^^„(x-2"(l + 2A;)). 

Moreover, suppv?^ fl 



k£Z 



Tlien ipn is 2"+^-periodic and ipn G G 
supp = for m 7^ n. We define 



(2.5) 



Xj. 



n=l 



Let a; G M be fixed and let > 1. Since {ipn}n>i have pairwise disjoint 
support, we liave 



n>N 



n>N 



/4 



(fn[x) = Uf^'^^'^lfnuix 



for some no > A^, depending on x. Tlierefore tlie series fl2.5l) converges 
uniformly, and / G Cap(ffi) since ipn G Cap(M) for all n > 1. The 
pairwise disjoint support of {(pn}n>i gives furthermore / G G"*(]R). 
Thus/G (CapnG'^)(M). 

Let C > 0, let n be an arbitrary integer such that n > (C/CqY and 
let < X < l/n. Then v?m(2" + x) = for m ^ and v^„(2" + x) = 
'(/'^(a;), which gives 

C^~^'(j!)"15V(2" + x)| =n-i/^C-^-(j!)-^|(9^-^„)(x)| 

= n"^/^ (C^^"')"' {]\)"\{&i)){nx)\. 

We have for j > 1 



n 



-1/4 



n- 



i/2-1/4 



(Cn-1/2)-^ >^i/4 (c'n-i/a) 



1/4 



,-1/2^^ 



which implies, in view of (12. 4p . since Cn < Co, 
sup C~^{j\y'\& f{T + x)\ 

0<x<l/n, j>l 

>n^/^ sup {Cn-^/^y {j\)-%d'ij){nx)\ 

0<x<l/n, j>l 

> n^l\ 

Since n can be arbitrarily large we have 

sup C-^[j^)-'\d^j[x)\=oo 
xeiR, i>i 

for any C > 0, which means that 

sup|9V(x)| <i?C^■(J!)^ j>0, 

cannot hold for any B^C > 0. 



□ 
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In this paper we will restrict our attention to functions / G (Cap fl 
G"')(]R'^) such that the uniform estimate 

(2.6) |9°/(x)| < C^+I"l(a!)^ xgM^ a G 

holds for some C > 0. Example 12.11 shows that this is a strict subset 
of (CapHG 



This restriction is consistent with the definition of analytic almost 
periodic functions [1]. In fact, such a function / is required to be 
analytic in a strip M.'^ x il C where J = Ji x ■ ■ ■ x C M'^ and 
Ij = [aj,bj] with aj < < bj for each 1 < j < d. The function / is 
almost periodic if for any e > there exists a compact set K;, C 
such that for any a; G M'^ there is an u & x + such that 

\f{z + u)- f{z)\<e, zeM.'^xil. 



Cauchy's integral formula, see for example y/Tj, gives the global esti- 
mate 

sup |9°/(x)| < C^+I^la!, aGN"', a; G 
for some C > 0. 

We denote the space of / G (Cap n G'){R'^) that satisfies for 
C > by C^p (^(M'^), for s > 1. It is equipped with the norm 

(2.7) = sup C-I°l(a!)-^ sup |9"/(x)|. 



The space of functions such that ||/||s,c < cxd is a Banach space. Sup- 
pose C > and (/„) C Cap ^(ffi"') is a Cauchy sequence with pointwise 
limit /. Since \\d"if - /„)|Uoo < Cl-I(a!)^||/ - fn\\s,c for each a G 
and the Cap(M'^) property is preserved under uniform convergence [20] , 
the limit / belongs to C^(R'^). Hence C^p (^(]R'^) is a Banach space. 
Clearly we have the embedding C|p^Ci(^'^) ^ G'ip.Cjl^'^) C2 > Ci. 

For any ^ G M'^ and e^(x) = e^'^^^'^, the inequality t" < n!e* for t > 
and n G N yields for any s > 1 and any C > 

/ I97r/^C~1|'"'/''' 

|a%(x)| < |27re|l"l = Cl"l(a!)^ ' ^ ' 

(2.8) V 

< Cl°l(a!)'exp (^sd\27i^C- 

Hence TP(R'^) C C^p cl-'^'^) for any C > and any s > 1, and moreover 
we have \\e^\\s,c < exp {sd{2ny/'C-^/'\^\^/') for any C > 0. 

Remark 2.2. For C2 > Ci, the embedding C|p_(;^(M'^) C C^p^^al^"') 
is not compact. In fact, let {^n)o^ C M*^ be a sequence of distinct 
frequency vectors bounded as < Ci for all n > 0. It follows from 
(12. 8 p that sup„>Q ||e^„||s_(7^ < 00. Suppose {e^„)'^=Q has a subsequence 



i|i/^ 
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(e^^^)^Q that converges in (^^(IR'^). For k,j sufficiently large and 
k ^ j we then obtain the contradiction 

1 > l|e?„, - ec \\s,c2 > sup \e^„^{x) - ec = 2, 

which proves that no subsequence of (^ri)o° ^ converges in Gl^^ ^^ {W^). 
It follows that the embedding is not compact. 

We set 

(2.9) G:p(M^) = U Gl^^ci^') 

oo 

and equip G|p(M'^) with the inductive limit topology defined by the 
inclusions G^p c- ^ G'^p for all C > 0. However, the inductive limit 



topology on G^p(]R ) is not a strict inductive limit topology |T8|l2^ 
[2SlEn]- Therefore we do not know whether G^p is complete, or even 
Hausdorff, for the inductive limit topology, nor do we know whether 
sequential convergence in G*p implies sequential convergence in Gl^ u 
for some G > 0. 

The spaces G^p(M'^) are embedded as 

Gip(M'^) C G:p(M'^) C G*p(M'^), s < t. 

The spaces {G^p(]R'^)}s>i are pairwise distinct, as can be seen by taking 
any element / G G*(]R'^) \ G^(]R'^) for s < t (cf. [2]) and performing a 
periodization. 

For any s > 1, and G > and any m G N we have the embedding 

G:,,ci^') c Grp(M'^). 

By Lemma fL2] and Lemma fL3l we thus have the embedding G^p C G 
Let f,g e G|p(R"'), which means that / G G^pc^(M°') and g G 



^ap.Cgl^'^) some Cf,Cg > 0. Leibniz' formula gives 
\d''{f9){x)\<J2(''^\9^fi^)\\9''-^9{x)\ 



< V ^— ^ G^+'^^'G^+l^-^lf/^'fa - 

<G2(i+I"I)(«!)' 

where G = max(2, G/, Gg). The fact that Gap(M'^) is an algebra under 
multiplication (see e.g. [20]) hence shows that G^p(M'^) is an algebra 
under multiplication. Moreover, it can be shown that Gf^p(M'^) is an 
algebra under mean value convolution, defined by 

/ *^ g{.x) = My{f{x - y)g{y)). 
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For this operation we also have the Bohr-Fourier coefficient relation 

Concerning the Bohr-Fourier transform acting on Gl^ (R*^) we have the 
following result. 

Lemma 2.3. If s>l, C > 0, f e Gi^^ci^'^) (^^d 

then there exists Ci > such that 

\M<C,\\f\\s,cexp{-e\^\'/^), ^eR'. 
Proof. Lemma [LT] yields for any a G N"' 

|(27rzO°/d = I W)d < ll^°/IU- < \\f\\s,c C\"\{a\r. 

Using 

l^ifc < rf^/2niax|e"|, 

\a\=k 

we obtain the estimate 

< \\f\\s,c [-^j fc = l,2,.... 

Finally an application of [9l Chapter IV. 2.1] yields the result. □ 

For any t G M and any e > there exists Ce^t > such that 

(2.11) exp(-£|er/^) < ^eR'. 

Therefore we have the embedding Wj^ C W^^ for all t G M, p G [1, C)o], 
which in view of Lemma 11.21 and Lemma 11.31 implies the embedding 

(2.12) W^_^{R'')CWl,{R''), pG[l,oo]. 

This indicates that W^q is a rather large space. However, although we 
have the embeddings 

we cannot prove the inclusion G*p(R'^) C 14^j^Q(]R'^) in general. 

Nevertheless, under certain assumptions on the set of frequencies 
A = {(^ G M*^ : 7^ 0} such an inclusion is possible. Let C > and 
let A C M*^ be an arbitrary countable set. We define the Banach space 

g':p,c,a(k') = {/ e Gi^^ci^") : = 0, e ^ a} , 

and the inductive limit topological vector space 

Gl^A^') = U Gl^^cAi^% 
oo 
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Likewise we define W[j^ for t G M as in fll.4p with the restriction that 

= for ^ ^ A, and similarly we define j^, ^-oo A' a 
e G M, Wl^ j, and W^.V.a- See (113]), ([TTI), ([ES]) and ([Ili. 
Suppose that 

(2.13) ^exp(-e|er/') < oo Ve > 0. 

eeA 

This holds for example if A = Z'^, or more generally if X]5eA(0 * < ^ 
for some t > 0. 

Proposition 2.4. // (12.1 31) /loWs i/ien we have the emheddings 
(2.14) 

G':p,a(M^) C W^^,^(M'^) C l^!^,^(M^) C Wl,^^{M.% p G [1, oo), 
and the homeomorphism 

(2.15) Gl^^^iR') = iy,V,A(M^), p G [1, oo). 

Proof. Note in particular that fl2.15p implies that W^q_ ^(M'^) does not 
depend on p G [1, oo). 

First we prove fl27[4D . Let p G [l,oo), C > 0, / G G^p.caI^^^) and 
t G M. From Lemma 12.31 and 02.111) we obtain for some Ci,e > 

i/p / X Vp 

J2iO''\h\' ) < C^WfUc $^(0^*exp(-2ep|e|V^) 

^ i/p 

<C7iC,,||/l|.,c($^exp(-5p|er/^)^ 
\5eA 

Thus (I2.13P implies the embedding Gl^ f^j,^ C ly^''^ for any t G M and 
p G [l,oo). Lemma 11.21 and Lemma 11.31 give the first embedding of 
fl2.14p . The second embedding is evident, and the final embedding 
follows from fl212D . 

Next we prove flZT^ . Let C > and / G GI^caO^'^)- Define e>0 
by (12101) and let p G [1, oo). Lemma lOl and flZTHD yield 



^ 1/p 

J]exp(pe/2 ler/^l/d^^ 
.CeA 

< Cill/lls,c ('$^exp(-p5/2 ler/^)) < C2 
\€eA / 

for some Ci, C2 > 0. Thus we have the embedding 



2\\J \\s,C 
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Since C > is arbitrary, Lemma 11.31 proves the embedding "C" in 
( I2.15p . For the opposite embedding, let / G TP(A), that is, 

with a finite sum. Let e > and pick C > 2'K{2ds/ sY . Writing 
e := (C/(27r))i/"£/2, we have 6 > ds, and for a e N'^ and ^ G R"^ 

< exp {e{27r/CY/^\^\'/^) = exp {em'/') . 

This gives 

\\f\U,c = sup < sup (^) («0"1/d 

for some Ci > 0, in the last step invoking Holder's inequality and 
fl2.13p . Since TP (A) is dense in W^_^ aI^'^)) conclude that the 

embedding W^_^^^(R^) C G'|p^^(]R'^) holds true. Finally the embedding 
"3" in fl^Jf^ follows from Lemma O □ 

2.1. The dual space of G^pl^*^)- The topological dual of G'^p(R'^) is 
denoted (G'^p)'(M^). We equip (G^p)'(M'^) with its weak* topology. We 
have the following embedding result. 

Proposition 2.5. Let f G iyj^g(]R'^) define a conjugate linear func- 
tional on G'l (W^) by means of 



Then we have the embedding 

Proof Let / G WIq{R'^), C > and g e Glpci^"^)- Lemma gives 
for some Ci,e > 

\{f,9)\ < C^\\g\Uc 1^1 ^^P = CMs,c 



which shows the embedding Wl^(M.'^) C (G^p when {Glp^cY 0^'^) 

carries its weak* topology. Hence we have the embedding W}q{M.'^) C 
(G^p (^)'(R'^) for any C > 0. It follows from Lemma [1.21 that we have 
the embedding 

oo 
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where the right hand side has the projective hmit topology. 
Lemma 11.31 gives the equahty as sets 

(2.16) r\(^:,,cn^') = iG:jiR'). 

oo 

To prove the claimed embedding, it thus suffices to prove that fl2.16p 
is a homeomorphism, when (G^p)'(M'^) carries the weak* topology, and 
the left hand side is the projective limit of (G^p (^)'(M'^) over all C > 0, 
where (G^p (^)'(M'^) carries its weak* topology. 

A base of the neighborhoods of zero of (G'^p)'(]R'^) are given by all 
finite intersections of the form 
(2.17) 

n 

f|{/ e {Gl^n^') : \{f,9,)\ < e,}, g, G G:^{R'), > 0, 1 < j < n. 
j=i 

On the other hand, for C > 0, a base of the neighborhoods of zero of 
(G^p (^)'(M'^) consists of all finite intersections of the form 

k 

Uc = fli/ e (G':p,c)'(K') : \U.9,)\ < e,}. 

e G:p,e(M^), >0, l<j<k. 

Moreover, a base of the neighborhoods of zero of the left hand side 
projective limit in fl2.16p consists of all finite intersections of the form 

(2.19) n (^ap,c) W n f/c. n ■ ■ ■ n t/c^ 

oo 

where Uc^ have the form (I2.18p . Gj > 0, 1 < j < m (see [30l Chapter 
II.5]). It follows from the already established set equality f l2.16p that 
the neighborhood bases of the forms (12.191) and (I2.17P respectively, 
are equal, proving the homeomorphism (I2.16p . (See [30i Proposition 
IV. 4. 5] for a similar result when the inductive limit, corresponding to 
G|p(M'^), is known to be Hausdorff.) □ 

We may identify G*p(R'^) as a subspace of (G^p)'(M'^) by means of / G 
G^p(M'^) acting on ^ G G^p(M'^) via (/,^)b. The inclusion G^p(M'^) C 
(G^p)'(R'^) is injective, since (/,^)b = for all g G G^p(M'^) forces 

= for all ^ G M'^. In the case when fl2.13p is satisfied for the set of 
frequencies A, Propositions 12.41 and 12.51 imply that the inclusion is an 
embedding. 

Note also that, independently of fl2.13p . we may identify VF^^q(M'^) for 
s > 1 with a subspace of the space of s-ultradistributions ^^(R"^) [26] . 
In fact, for / G W^^^iW^) and Lp G GliW^) we may define 
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cf. Theorem 1.6.1]. 

3. Almost periodic pseudodifferential operators acting 

ON ALMOST PERIODIC GeVREY SPACES 

First we discuss pseudodifferential operators acting on C^(W^) (see 



Definition 3.1. Let m e M, < p, 5 < 1 and 

(3.1) 0<p<l, 0<5<1, S<p. 

The Hormander symbol class S^g is defined as the space of all a G 
C°°(M2d) such that 

(3.2) |9^"9fa(x,OI <C„,/3(0'"~''"'+"'", Ca,p>0. 

In this paper we always assume that (13.11) is satisfied. For a G S^^, 
a pseudodifferential operator acting on ^(M°') in the Kohn-Nirenberg 
quantization is defined as (see e.g. [8llT^l37j) 

(3.3) a{x,D)f{x)= f e^-'^-^a{x,0^f{Odi, / G ^(M'^). 



This gives a continuous operator on that can be extended to a 

continuous operator on by means of duality. However, in this 

paper we are interested in the action of pseudodifferential operators on 
C'^{W^), and in this situation it is suitable to define them as the limit 
(cf. i37j) 

(3.4) a{x,D)f{x)= Urn [[ x{ey)xH)e^^'^-^^-y^a{x,Of{y)dydi 

where x ^ C'^{W^) equals one in a neighborhood of the origin. Inte- 
gration by parts in (13. 4p gives 

a{x,D)f{x) = [[ e2-«-(--^)(0"'^(l - A^)*^a(x,0 
x{l-/^yr{{x-y)-''^f{y))dydi 

(3.5) 

e~^-'^-y{S)-^^{l-/\^Y'a{x,i) 
xil-Ayfi{y)-'"^f{y + x))dyd^, 

where A denotes the normalized Laplacian A = i^n)^'^ Yli 9] ■ This 
is an absolutely converg ent integral for / G C^{M.'^) provided M,N 
are positive integers chosen such that 2M > d and 2N > d + m. By 
differentiation under the integral it follows that a{x,D) : C^(M'^) i— >■ 
C^{R'^) continuously see e.g. Idol 1. 

The subspace of S^g consisting of symbols a G S^g that satisfy 
a(-,0 e Cap(M'^) for all ^ G M'^ is denoted AP S^giM.'^'^) and was intro- 
duced by Shubin [32J. The corresponding operators are called almost 
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periodic pseudodifferential operators. A result by Sliubin says 
that a{x,D) is continuous on C^(M'^) if a G AP S'^^i'^'^'^) ■ 
Now we introduce symbol classes 

based on [Tll[T9lllO] and [26l Chapter 3] for almost periodic pseudodif- 
ferential operators acting on almost periodic Gevrey functions. 

Definition 3.2. Let s > 1, p > 6, s{p — S) > 1. The symbol class 
APS'^fiR'^'^) is defined as the space of all a e C~(R2^) such that 
a(-,0 e C^p{R'^) for all ^ e and 

(3.6) \dp^a{x,0\ < 

xgR^ {0>B\a\% a,/3GN^ 

(3.7) \dp^a{x,0\ < C^+l"l+l^l(/3!)'(^"'^^«!, 

X e R^ (0 < a, /3 G |a| < 2M, 

for some constants C, -B > and a positive integer M > d/2. 

The reader may take as initial definition of symbols the estimates 
(13. 6p in the whole R^'^, which imply (13. 7p : however, the more general 
Definition 13.21 will be useful when constructing parametrices. 

We also need a generalization of the symbol classes of Definition 13.21 
in the sense that the symbols depend on three variables, in which case 
they are called amplitudes. 

Definition 3.3. Let s > 1, p > 5, s(p — 5) > 1. The amplitude 
class APSl^f{M?^) is defined as the space of all a G C°°(R3'^) such that 
a(-, -,0 e Cap(R^^) for all ^ G R^ and 

(3.8) 

\&ldldla{x,y,i)\ < Ci+l"l+l^'+l^l(/3!7!)^(^-^)a!(e)'"-^l"l+^(l^l+'^'), 
x,yeR\ {0>B\a\', a,/3,7GN^ 

(3.9) 

|a^"af9Ja(x,i/,0l < C^+l"l+l^'+l^l(/5!7!)'(^-'^)a!, 

x, ?/ G R"', (0 < B\aY a,(3,-fe N'^, \a\ < 2M, 

for some constants C,B > and a positive integer M > d/2. 

An amplitude a G AP S^g^ {M.^'^) defines an operator acting on / G 
C^(R'^) by means of the limit 
(3.10) 

a{x,D)f{x) = hm / / x{ey)x{eOe''''^-^^-'^a{x,y,Of{y)dydC 
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Integration by parts gives 
(3.11) 

a{x,D)f{x)= [[ ^-'^■^^-y\i)-''' 



1 - A,)^ [{x - y)-'''f{y){l - A^)^'a{x,y,0] dydi 

X (1 - A,)^ [{yr'^'fiy + x)(l - A^)^'aix, x + y, 0] dyd^ 

Tlie integral is absolutely convergent for / G C^{M.'^) provided 2M > d 
and 2N > (d + m) /{I — 5). By differentiation under the integral it fol- 
lows that a{x,D) : C^(]R'^) t-)- C^(W^) continuously. Moreover, from 
Shubin's argument for the continuity on C^(]R'^) (cf. [35]) it follows 
that a{x,D) : C~(M'^) ^ C^(M'^) when a e APS'^f{R^^). In fact, 
using the Banach space property of Cap(M'^) (equipped with the L°°- 
norm), a derivative of the left hand side of (13. lip can be seen as a 
vector- valued integral, of a continuous function with values in Cap(M'^), 
whose norm is integrable. It therefore belongs to Cap(]R'^) and this gives 
the desired continuity on C^(M.'^). 

In [26] results are proved concerning s-Gevrey pseudolocality, which 
means that an operator preserves the property locally. The fol- 
lowing result concerns a global version of this idea for almost periodic 
operators acting on almost periodic functions. Note that we require 
6 = 0. 



Proposition 3.4. If a E APS^q{M.^'^) then a{x,D) is continuous on 

Proof. We may assume that the constant C > in (13. Sp . (13. 9p satisfies 
C > 1. From [351 Proposition 3.1], and as discussed above, we have 
that a{x, D) maps C^(M°') into itself continuously. It remains to prove 
continuity on G'^p(M"'). Let Ci > 0, / G Gl^^c^i^'^) and 2N > d + m. 
First we rewrite (13. lip as 

a{x,D)f{x)= [[ e-2-«-^(0-'^ 

J2 ^^^7 &'{y)-'''d^fiy + x)d^dJa{x,x + y,Odydt 

|<T| + |K| + |M|<2Af 

|7|<2M 



We may differentiate under the integral since the differentiated inte- 
grand is absolutely integrable. Hence we obtain, using (13. Sp . (13.91) and 



A. P. PSEUDODIFFERENTIAL OPERATORS AND GEVREY CLASSES 21 



(3.12) 

iaix,D)f{x))\< 



E i-™ie(;)eCiO 

l<Tl + |K| + |Ml<2iV /3<a ^ ^ A<a-/3 ^ ^ 

|7|<2A/ 



|a| + |«;| + |M|<2JV 

\"f\<2M, l3<a, X<a- 



X C-i+l^l-l/^l+IH+H^^c, _ /3 - A)!(/i + A)!)"''7! 

/ n II /II r^^+\^\(^\\s ((/t + /3)!(Q;-/3- A)!(/i + A)!)' 
< ^7v,j\/ 11/11 s,ci<^3 ("0 2^ 



(/3!A!(a-/3-A)!)^ 

|7|<2M, ^<a, A<«-^ 

where Cjy^M, D^^m > depend on N,M only and C3 = max(C, Ci). 
In fact, for (^) > B\'y\^ we may use fl3.8l) . The remaining integral 
over : (^) < -B|7|'^} can be estimated by (13. 9p times the Lebesgue 
measure of : (^) < B{2My}. Next we use 

(/€ + /?)!< 2l"l+l''ld/3! and (") = a'"', 

which give 

((/t + /3)!(A + /i)!)' ^ ^ 2*(|^|+|/3|+|Ai+H)^^,^,^|. 

|<T| + |K| + |M|<2iV (/3-A.) |a| + |K| + |M|<2iV 

|7|<2M, /3<a, A<o-^ |7|<2M, /3<a, A<o-/3 

where -Eat^m > depends on A^, M only. Inserted into (13.121) this gives 

ia{x,D)f{x)) I < DN,MEN,M\\f\\s,c,Cl^^"\a\r, x G M^ 

where C2 = max(C, Ci, 2^^^*"*"^^)^. This gives the estimate 

(3.13) ||a(x,D)/|Uc, < C^D^^MENMWnUc. 

which proves the continuity of a{x,D) : G^p_c'i(^'^) ^ ^ap,C2 (■'^'^) 
C2 = max(C, Ci, 22(^+i))2. Using the fact that' the inclusion (M^) C 

G^p(I^'^) is continuous, we may conclude that the linear map a{x,D) : 
^ip,CiO^'^) ^ G'^p(M'^) is continuous for any Ci > 0. Finally, it follows 
from Lemma [T75] that a{x,D) : G^p(R'^) i-t- G^p(]R'^) is continuous. □ 

Corollary 3.5. If a E AP S^q {M.'^'^) then a{x,D) is continuous on 
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Proposition 13.41 admits the extension of the domain of pseudodiffer- 
ential operators a{x,D) by means of duahty for a G AP S^q (M.^'^) , as 
we now explain. If a G AP S"^^' {R^'^) and / G G^pl^'^)) the function 
a{x,D)f G G'^p(M'^) is determined by 

I {a{x, D)f, g)B = {a{^)f)^ g G Cap(M') I . 

In fact, it suffices to take g{x) = e^'^*^'^ for all ^ G W^, which gives the 
Fourier coefficients for a{x,D)f. Moreover, p5i Corollary 4.1] shows 
that 

iaix,D)f,g)B = if,bix,D)g)B, f,g G Gl^iR'), 

where b{x, D) is the formal adjoint of a{x, D), defined by the amplitude 
b{x, y,^) = a{y, x,^). In fact, the proof of [331 Corollary 4.1] treats sym- 
bols a G APS'^q{R'^'^), and it extends to amplitudes in APS'^f{R^'^). 
Hence it is natural to define for / G (Gf^p)'(M'^) 

(3.14) {a{x, D)f, g) = (/, 6(a;, D)g), g G Gl^iR'), 

where (■, ■) denotes the duality between (G^p)' ^Ip- Proposition 
[331 shows that fl37HD is well defined, and a{x,D) : (G^p)' (G|p)' is 
continuous with respect to the weak* topology. Proposition 12.51 implies 
that 

(3.15) a{x,D):Wl,{R'')^{G:^nR'') 
is a continuous map. 

4. PSEUDODIFFERENTIAL CALCULUS 

In this section we develop a basic calculus for symbols in the classes 
APS'^f{R'^'^) and operators acting on G^p(R°'). Throughout the section 
we assume that s > 1. The following results are adaptations of results 
in [26l Chapter 3]. As a general principle, we formulate almost periodic 
and global versions of the results in Chapter 3] . The latter are local 
in the sense that estimates hold when the space variable x belongs to a 
compact set, whereas here we keep track of uniform bounds for x G M'^. 
To benefit the reader we give full details for the most part of the proofs. 

Definition 4.1. A formal sum X]j>o'^i consists of a sequence {aj) C 
AP5™/(M2'i) such that 

\d^d^^a,{x,0\ < Gi+l°l+l^l+^'(j!a!)^(^-^)/3!(e)'"-''l^l+'^l°l-(''~^)^ 

a,/3GN^ xeR", {0>BU + \f3\r, j = 0, 1, . . . , 
for some C, B > 0. 
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A symbol a G AP S"^'^^ {E?'^) is identified with the formal sum X]j>o 
where = a and a-,- = for j > 0. Next we define an equivalence 
relation for formal sums. 

Definition 4.2. Given two formal sums X]j>o'^i ^"^^ Ylj>o^j^ then we 
write Y.j>o % ~ Ei>o provided 



j<N 



^ ^l+|a| + |/3|+^rJ^^,^,^|s(p-<5)^|^^^m-p|/3|+5|a|-(p-5)A^^ 

{0>BiN+\f3\y, N=l,2,... 



for some C,B > 0. 

Lemma 4.3. // J2j>o % '^^ ^ formal sum, then there exists a symbol 
a G APS'^fiR'^'^) such that a ~ Ej>o«i- 

Proof. The proof is similar to [261 Theorem 3.2.14] so we only give a 
sketch. The symbol a is constructed as 

oo 
3=0 

where ((pj) C C^(R'^) is a sequence of cut-off functions that satisfy 
< v^j < 1 and, for any given R > and integer > 0, 

^,(0 = if lei < 2i?(j + 1)^ v9,(o = i if 1^1 > 3i?(j + 1)^ 

15^^,(01 < C;^I^I(^(J + 1)^"')"'^' if l7l < KU + 1), 



where Ck > depends on K but not on j, R, 7. The proof of 
Theorem 3.2.14] then shows that the result holds provided K and R 
are chosen sufficiently large. □ 

Definition 4.4. An operator a{x, D) is said to be regularizing provided 

a{x,D):Wl,{R'')^Gi^{R'') 

continuously. 

Proposition 4.5. If a e AP S"^/ {M.'^'^') and a ~ then a{x,D) is 
regularizing. 



(4.1) 



Proof. According to Definition 14.21 we have 

/3eN^ {0>BN\ N = l,2,.... 
According to [SBJ Lemma 3.2.4] we have 

(4.2) inf C^iNiy^P-^^O'^"'^^^ <Ciexp(-3e\^\^/') 

0<iV<B-V'<(5)i/s 
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for some Ci,e > 0. Moreover, for t > and n G N we have for any 
^ > 



-sn /n \ ns 



< (0/s)"^"(n!)^exp {9t^^') 



,s / \s 
and hence 

(4.3) (/3!)-^^(0'l^l<C;+l^lexp(^^|er/^), 

(4.4) ((a-/3)!)-ie|l"-^l<C^^"^'exp(0|er/^), ^eM", 

for some Ce > 0. Inserting (g^D, (O and (0™ < Dgexp {9\^\^/'), 
where Dg > 0, into (14.11) we obtain 

(4.5) \d^a{x,^)\ < C'+\^\(3\y exp {-2e\^\^/') 

for some C > 0, provided 6 < 6/2. 

Let / e TP{R'^), i.e. f{x) = EgeR^ e^'^*?'^^ where the sum is finite. 
Then we have (see e.g. [53, Lemma 4]) 



a{x,D)f{x) = J2 e^^'^-^a{x,Oh ^ 



which gives, using (14.41) and (14. 5p . 



\dZa{x,D)f{x)\ 



< 



(27r) (/?!)' exp {-2e\^\^/') 



^eRd I3<a 

(«!) 



(/3!)^((a-/3)! 



<cr'"'(«!rEiSi^^pHi^i'^1 



= Cri"l(«!)^||/|Ui^(i,.), xGM^ 

for some Ci > 0. Since W^^^ and G^p c-^ are a Banach spaces, and 
TP(M'^) is dense in W^^, a{x, D) extends by density to a continuous 
map 

Finally, since the inclusions WIq C W}^^ and Gt^^ u^ C are contin- 
uous, the result follows. □ 

The next result corresponds to [26, Theorem 3.2.24]. It gives a refor- 
mulation of an operator with amplitude in y4PS'™/(]R^°') as an operator 
with symbol in AP S'^'^^ {E?'^) , constructed from a formal sum based on 
the original amplitude, modulo a regularizing operator. We need the 
transpose *a(x, -D) of an operator with amplitude a G y4PS'™/(]R^'^), 
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which is defined by ^a{x,D) = c{x,D) where c{x,y,^) = a{y,x, —(,), 
and satisfies 



{a{x, D)f, g)B = (/, c(x, D)g)B, f,9 



apV 



Proposition 4.6. If a e APS^fiR^'^) then a{x, D) = b{x, D) + R 
where b ~ E,>o«.- ^ AP^J (M^-^') , 

and R, *R are regularizing. 

Proof. The Schwartz kernel of a hnear operator L : ^{M.'^) i— )■ t5^'(]R'^) 
is the tempered distribution K G that satisfies (cf. [1] 

{Lf,g) = {K,g®f), /,^?e^(M'^). 
The kernel K of a(x, D) for a G AP^™/(M3'i) is 



when m < — c/ (so that the integral makes sense), and by the corre- 
sponding partial Fourier transformation taken in S^' otherwise. Ac- 
cording to the following Lemma 14. 7[ the kernel K corresponding to 
R = a{x, D) — b{x, D) satisfies 

(4.6) \{x-yrd:dlK{x,y)\ < 

for some constants C, > 0, for all x, y G and all a, /3, 7 G N'^ such 
that I7I <d + l. 

Next we define L{x, y) = K{x, x — y). We have 

(4.7) 9:9,^L(x,y) = ("V-l)l'^l5r-9r'^ir(x,x-y). 



The estimate (jM]) and {(3 + a)\ < 2l'^'+l'^'/3!a! give 
(4.8) 

|l/^a,"a,^L(x,l/)|<C,Cl+l"l+l^l(a!/3!)^ x,yGM^ a,/3,7eN^ \l\<d+l, 

for some constants C,C^ > 0. Hence we have 

\d:d;L{x,y)\ < C'+\^^+\^\{a\p\r{y)-'-' 

where C > 0, which gives the following result for the partial Fourier 
transform of L in the second variable: 

\e{^2d:L){x,0\ = |(2vrz)-l'^l^2,,^^ {d:d^^L{x,y))\ 



(2vr) 



m 



d:d^Ux,y)e-'-^y<dy 



< Cl+l°l+l^l(a!/3!)^ a, /3 G C > 0, x.^e 
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Since K{x,y) = L{x,x — y) we may interchange the roles of K and L 
in fl4.7p . and we obtain 

\e{^2d:K){x,o\ = \{2mp^\{'^2d:d^^K){x,o\ 

= (2vr)-l^l Y: 



<j<a 



< 



cr<a ^ ^ 



where Ci > 0. 

According to the results in PI Chapter IV, Section 2.1], this implies 
the estimate 

(4.9) |^2<9°i^(x,OI < C7i+l"l(a!)^exp(-e|e|^/') 

for some C > and some e > 0. 

Finally, let / G TP(R'^) which means that / is a finite sum of the 
form 



Using (14. 9 p we obtain 



\d'^Rf{x) 



dZK{x,V)J{v)dy 



f^^2dZK{x, -0 



<Ci+H(a!r^exp(-e|er/^)|/d 



= Ci+l"l(«!)^||/|Ui^, xGM^ C>0. 

Since it is clear that Rf = {a{x,D) — b{x,D))f belongs to Cap(M'^), 
this proves that R is regularizing. Similarly, it follows from (14.61) that 
also *-R is regularizing, since its kernel is '^K{x, y) = K{y, x). □ 

It remains to state and prove the lemma upon which Proposition 14.61 
is based. 



)3c^^ 



Lemma 4.7. Suppose a G APS^^f{l 

a,ix,0 = (27rz)-^- 5^(a!)-i9,"a^°a(x,i/,0| 

b ~ Xlj>o Then the kernel K of a(x, D) — b{x, D) satisfies 
(4.10) \{x-yrd:dlK{x,y)\ < C,Cl+l"l+l^l(a!/3!)^ 
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for some constants C,C^ > 0, for all x,y & M.'^ and all a,(3,'~f G N'^ 
such that I7I < d + 1. 

Proof. The proof is based on the ideas and techniques in the proofs 
of [Sni Theorems 3.2.6, 3.2.23 and 3.2.24]. 

Let e > 0. For {x,y) G M^'' such that \x — y\ < e, the proof of [26l 
Theorem 3.2.24] gives the estimate (I4.10p . 

For {x,y) G M^'^ such that \x — y\ > e, the estimate fl4.10p fol- 
lows using arguments as in the proof of [2Sl Theorem 3.2.6], somewhat 
modified, as we now detail. The estimate holds for any kernel K of an 
operator a{x,D) where a G AP Sj^f (M.'^'^) . Given i? > we define a 
sequence of cut-off functions {4'n}n>o ^ C^(M.'^) that partition unity, 
^jY^Q-^AT = 1, and satisfy for some C > 

(4.11) 

(i) suppV^oC{Me|<3i?}, 

(ii) supp ^pN C {2RN' < \^\ < 3R{N + 1)'}, N > 0, 

(iii) \d^tPN{0\<C^^^^^{RN'-Y^^^ for \/3\<2N, N > 0. 
See [26l Lemma 3.2.7]. Then we set 

Kr,ix,y)= [ e^-'^<^-yHM{i)a{x,y,i)di 

which implies that K = J2n>o^n- have 
d:d^yKr,{x,y) 

Since \x—y\ > e > there exists j , I < j < d such that \xj —yj\ > C^> 
0. Let Cj G N'^ denote the jth basis vector in and set = 7 -|- Ncj. 
Integration by parts gives 



\{x - yrd:d^yK^{x,y)\ = \{x- y)-''^^^^- dPd^yKn{x,y) 




-|7|-Af 



X 9f [(27rzO°-"+^-V^(05^^5>(a^,y,0] di 

E (:)(a)C:)(:) 

K<7]V, 1^<K 

for some C, > 0. 

First we assume > and > |7|. 
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Then |k — z/| < |77v| < 2A^ and we may use (14. lip (iii) to esti- 
mate d'^~^ipN{i). Moreover, for ^ G suppV'Ar we have (^) > 2RN^ = 
R2^-'{2Ny > R2^-'\-^N - ft^l' > B\-fN - provided R > B2'-\ so 
we may use (13.81) . We may assume z/<a — + — A. Thus we obtain 
(4.12) 

J SUpp Ipff 



assuming m — p|7Ar — k\ + S{\fi\ + |A|) > and R > 1. (If instead 
^ ~ p\1n — k\ + + \\\) < then 4:R{N + ly above is replaced by 
2RN^, and the following argument works also in this case.) Using 



f d^< C{3R{N + ly^'^ 

J suppi/ijv 



we may bound the factor of fl4.12p that depends on R as 



^|a| + l/3|-li^|-|K-i'|+m-p|7jv-K|+5(lAtl + |Al)+c( ^ j:^c(+m+{l+5)(|a| + |/3|)-p|7jv | + (p-1) 

j^d+m+{l+S){\a\ + \l3\)~p\'y\ j^-pN ^ 



Using 



{a\)-\N + 1)1"! < e'^^^+^\ {a + /?)! < 2l°l+l'^la!/3!, 
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and sp > s(p — (5) > 1, we hence obtain for some C, Cr, > (varying 

over the inequahties) , where only Cr depend on R, 

(4.13) 

\{x-yyd:d^^K^{x,y)\ 

< C,Ci+l"l+l^l(a!/3!r(Ci?-0^ ^ ((« _ ^),(^ _ A)!)-^^ 

X<I3, ii<a ^ '' 

K<7]V, V<K 

< C^Ci+l"l+l'^l(a!/3!)^(Ci?-0^ 7jv!((Ar + l)^)-l^l-^l^^"''liV-^l'^-^l 

A</3, fi<a, 



A</3, fi<a, 

< C^Cjf '"'+'^'(a!/3!)^(C/?-0'^ ^N{i-ps)~sp\^\ 

< C,Ci+l"l+l^l(a!/3!)^(Ci?-0^ (a) Q 



ft<7]V, I^<K 



7jv W/t 



< C^Ci+l"l+l''l(«!/3!)^(Ci?-^)^. 

Since p > we may choose i? such that CR^^ < 1/2. Thus we have a 
useful estimate for > and > |7|. 

If < I7I we may, since I7 — k| < I7I < (i + 1 < 2M, combine (13 .Sp 
and (13.91) into the estimate, ^ G supp-i/^Ar, 

\d'^dldl"'a{x, 1 < C^+I'^l+I^l+I^l (p! A!)^(^-^) (7-/C)! (i?(iV+l)^)™+^l^+^l 

Moreover, we have \d'^~^ipN{C}\ < C*^ for z/ < k, k < 7 and < |7|. 
Arguing as above (without splitting 7 into 7 = 7Ar — A^e^) this gives 

(4.14) \{x-yrd:dlKj,{x,y)\ < C,4+l"l+l^l(«!/3!)^ 

and a similar estimate can be shown to hold also when A^ = I7I = 0. 
Combining fl4A3|l for A^ > I7I and CR-p < 1/2, and (KWf for A^ < I7I 
proves (I4.10p when |x — ?/| > e > 0, in view of K = ^^>o K^- □ 

The next topic is the calculus of composition of operators. First we 
need some preparations before we prove the main result Proposition 

EDI 

Definition 4.8. Let E,>o«. ^ AP5J(R2'^), ^^^,b, E APS;'J{R''^) 
be formal sums. The symbol product (X]j>o'^j) ° (X]j>o^i) defined 
as the formal sum X]j>o'^i' where 

(4.15) c,(x,0= Y («!)-'(2vr2)-l"la^"a,(x,0 5:6z(x,0- 

\a\+k+l=j 
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It can be verified that (cj) C APS^^"''^(M.'^'^) and the formal sum 



X]j>o'^i' "where Cj is defined by fl4.15p . is well defined according to 
Definition O By Lemma Ol there exists c ~ a o 6 g APS'™/"''(M2'^). 

Lemma 4.9. Let x ^ C^{M.'^) equal one in a neighborhood of the 
origin andxs{x) = and let f G C(M'^) satisfy the bound \ f{^)\ < 

C{0^, ^ e for some C,N>0. Then 

hm / M^-V)xs{v)f{v)dv = f{0, eeM-^. 

Proof. Since f^^ XsiO^^ = 1 have 

[ Xsiv) (/(e -V)- fiO + /(e - V)ixsi^ -V)- l))dv 

<l \xsiv)\\fi^-v)-fmdv+[ mv)\\fi^-v)\\ixsi^-v)-mv 



■.= h + h. 

For > we split Ii as 

h = ! mv)\ \f{^-ri)-f{0\dv+ [ \XS{V)\ \f{^-v)-f{0\dV- 

J\r)\<e J\v\>s 

Let e > 0. The first integral is not larger than e, for 6 sufficiently 
small, by the assumed continuity of / and Hx^Uli = ||xlUi- Using 
Xsiv) = ^~^x{v/^) assuming 6 < 1, the second integral can be 
written 

\x{v)\ \ f{^-sv)-f{o\dv<c [ \x{v)m''m)'' + m 

\n\>9/s J\v\>s/s 



< 2 / 



iv) \x{v)\dv 

>e/5 



which approaches zero as 5 — ?■ +0, because x ^ This shows that /i 
approaches zero as 5 — )■ +0. 

It remains to estimate I2. We have XsiO = 1 \^\ < ^/^^ 
some ^ > 0. Let i? > be arbitrary. Then {rj : \^ — r]\ > 6/6} C 
{rj : |?7| > 5} if 5 > is sufficiently small. Since x ^ we have 
1X5(^)1 = \^~'^xiv/^)\ ^ Cn6''^~'^\v\~"' for n > N + d. This gives 



l2= I \xsiv)\ \ fi^-v)\ lixsi^ - V) - l)\dv 

\i-v\>s/s 



J\v\>B Jr'^ 

Hence I2 approaches zero as 5 — +0. □ 
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At this point we are in a position to state and prove the composition 
theorem. The corresponding result for operators acting on the space of 
compactly supported Gevrey functions G^(M'^) (s > 1) is Theorem 
3.2.20]. Here we assume 6 = 0. 

Proposition 4.10. Let a G AP S'^q" {R'^'^) and b G AP^;;o(M2'^). Then 
a{x, D)b{x, D) = c{x, D) + R where R is regularizing and c ~ a o 6. 

Proof. For b G APSp^oiR^'^) we have %x,D) = bi{x,D) where 



b,{x,y,0 = b{y,-0<^APS;'^ 



By Proposition 14.61 we have *b{x, D) = b'{x, D) + Ri where *-Ri are 
regularizing, and b' G APS^/q (M^'^), b' ~ Ej>o^i' 

(4.16) = (-2vr^)-^- ^ {o^^-'d'^^d^bix, -0, J = 0, 1 ... . 

\a-\=j 

Now we have 
(4.17) 

a(x, D)b{x, D) = a{x, D) \%{x, D)) = a{x, D) %'{x, D) + a(x, D) *Pi 
= a{x,D) %'{x,D) + R2 

where R2 is regularizing, since a(a;, D) is continuous on G'|p(]R'*) accord- 
ing to Corollary 13. 5[ The operator ^b'{x,D) has amplitude b'{y, — ^) G 
APSp^oiR^'^). A combination of ([S3]) and fIXTTD thus gives for / G 
Qp(M'^), 2M > d and 2A^ > ci + m, 
(4.18) 

a{x,D)'b\x,D)f{x)= [[ e2-?-(--^)(e)-2^(l-A^)^a(x,0 
X (1 - A,)^((x - y)-^*^ 'b\y, D)f{y)) dyd^ 




X (1 - A,)^ [(y-^)-2^7(^)(l - A,)^6'(^,-r/)] ) dzrfr^rfyrfe 

= lim hm //// X6{y)xs{n)Xe{z)xe{i) e2-(«-(--^)+'^-(^-^)) 

X a(x, ^) b' {z, —ri)f{z) dy drj dz d^ 
= lim hm // ( [ Xs{^ ' v)xs{v)e-''''''-' b'{z, d^\ 

xx.(^)x.(Oe'"^^"a(x,0/(^)t^^c?e, 

where x ^ C^(M'^) equals one in a neighborhood of the origin and 
Xe{x) = x{^^)- First we study the inner integral for e > fixed. The 
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inner integral can be split and estimated as 
(4.19) 



<C / \XS{^-V)\ \b'{z,-v)\dv + C / 1x4^-^)1 \b'{z,-r^)\dr] 

Since ^ in the outer integral of fl4.18l) belongs to a compact set, we have 
\v\ ^ C for some C > in the first integral of fl4.19p . Using xsiO = 
5~'^x(^/(5), the first integral can hence be estimated by a constant times 

ilxlU- 

Since £ G y{R'^) and b' G APS^^oiR^'^), the second integral of flCTj) 
can be estimated for any L > as 

C [ m^-v)\ \b'iz,-r])\d7^<C [ sL-'i\^-r^\-L{r]rdv 

J\i-V\>l J\(-ri\>l 

<C [ 5'^-''{i-n)-'^{nrdr,<C5'^-\it f (r/)-^(r/rrfr/<C(0^ 

provided L > n + d and 6 < 1. 

We have now proved that the inner integral (14.191) is bounded by a 
constant for 6 < 1, and therefore Lebesgue's dominated convergence 
theorem admits us to rewrite (14.181) as 

a{x,D)'b\x,D)f{x)= Urn [[ \im ( [ m ' v)Xs{v)e-''''''-'b'{z, 

= hm / / Xe{z)Xs{Oe''''^-'^''-'^a{x,0 b'{z, -i)f\z) dzd^, 

in the second step using LemmaS^l This means that a{x, D) *6'(x, D) = 
c'{x,D) where 

c'{x,y,0 = aix,0 b\y,-0 e AP S;';-'\R"') . 
Hence Proposition 14.61 gives 

(4.20) a{x, D) %\x, D) = c'{x, D) = c{x, D) + i?3 

where i?3, ^-Rs are reg ularizing, c G AP5^'o^"'"(M2^), c ~ Y.7=o and 

c,(a:,0 = {2ixirY.^^\)-^^ld;[a{x,i)b\y,-i)] 

(4.21) 

= (27^^)-^• {^^)-^dl [a(x, i)dlb'{x, -i)] 
\i\=i 



y=x 
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-.(0, 



From b' ~ J2j>o *6 have 
(4.22) 

\ k<N~j / 

{0>B{N-j + \\\y, N=j + l,j + 2,.... 

Differentiation of (14.211) and insertion of (I4.22p and (I4.16P give 
(4.23) 

9:9fc,(x,0 = (2«)-^- 5^(7!)-^5:9f+^ [a{x,0d2b'{x,-0] 

h\=j 



M = j k<N-j \K\=k M<Q ^ ^ ^ 

A</3+7 

On tfie otlier hand, if we define 

d,{x,0 = {2rc^^ E il^-^^r'dj [a{x,0d2'-''d^b{x,0] {-Ip 

then 
(4.24) 

d:dld,ix,0 = (2vrz)-^- 5^ (7!«:!)-^9:9f+^ [aix,0d2^^d^Kx,0] (-1)'"' 

l7l+|K|=i 

|7| + |k| = ? M<a ^ ^ 

A</3+7 

X 9r''5f"^^"^a(a;,0'92'^''^"5^^'^"&(a;,0(-l)'"'- 
Comparison of (I4.24p and (I4.23P gives 

j<N 

j<N M=j n.<c ^ ^ 

A</3+7 
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which can be estimated using fl4.22l) and fl3.6p . This reveals that ^ Cj ~ 
'^dj, and hence c ~ X^'^j- Thus, using Lemma 1^1 and the sequence 
iVj) ^ C^(M'^) defined in its proof, we have 

7>0 K>0 

KjI /\\u\ 

7>0 K>0 A+cr=7 

A>0 M>0 \K+(T=/i ■ ■ / 



A>0 

since 



(_1)N (e-er , 
^ da! ~ /i! ~ 

K+a=fi 

where e = (1, 1, . . . , 1), and where 6k is the Kronecker delta, i.e. 5fc = 1 
for A; = and 6k = for 7^ 0. Lemma 14.31 now shows that c ~ a o 6, 
and (HHD, flCTj) finally give 

a{x, D)b{x, D) = a{x, D) %'{x, D) + R2 = c{x, D) + R2 + R3 

where R2 + R3 is regularizing. □ 

We may now state a regularity result for certain hypoelliptic a. p. \E'DOs. 
We study the following class of hypoelliptic symbols [T11I2S] ■ 

Definition 4.11. A symbol a e APS'^f{R'^'^) is called formally s- 
hypoelliptic, denoted a G APHS^f^°'^ where mo < m, provided there 
exist C,Ci, A, B > such that 

(4.25) |a(x,OI>Ci(eP, xeR', \^\ > A, 

(4.26) xgM^ \^\>max{A,B\/3\'). 

Proposition 4.12. If a G APHS'l^p'' then there exists b G APS^"°'' 
such that Ri and R2 are regularizing, where 

Ri = a{x, D)b{x, D) - /, R2 = b{x, D)a{x, D) - /. 

Proof. As in [26l Lemma 3.2.27] we can construct a formal sum Xlj>o 
such that '^jy^bj o a ~ 1 with 69 ^ APS^J^'^'^ . By Lemma there 
exists a symbol b G APS~^°'^ such that b ~ J2j>o^3- ESI Proposi- 
tion 3.2.18], we have 6 o a ~ 1. As in [26l Lemma 3.2.27] we also have 
b' G APSpl^°''^ such that aofe' ~ 1. It can be verified straightforwardly 
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that the symbol product is associative: (a o 6) o c ~ a o (6 o c), which 
imphes 6' ~ (6 o a) o 6' ~ 6 o (a o 6') ~ b. Hence a o 6 ~ 1. 

Now Proposition I4.1UI shows that a{x,D)b{x,D) = ci{x,D) + Ri 
and b{x, D)a{x, D) = C2{x,D) + R2, where -Ri, R2 are regularizing 
and ci ~ C2 ~ 1. By Proposition I4.5[ ci{x, D) — I and 02(0;, D) — I are 
regularizing, which proves that a(x, D)b{x, D)—I and b{x, D)a{x, D)—I 
are regularizing. □ 

As a consequence of Proposition 14.121 we get a regularity result for 
hypoelliptic operators, under the assumption 5 = 0. The following 
result can be seen as a Gevrey space version of Shubin's result [32l 
Theorem 5.3] concerning regularity in a Sobolev space scale for a.p. 
pseudodifferential operators. See also [35| Corollary 3.2]. If we assume 
flTT^ then Gl^iW^) C Vr,^^o(^'^) by Proposition [M 

Corollary 4.13. J/ a e APHS^^''', f G W^oi^'^) and a{x,D)f G 
Gi^(R'')thenfeGi^(R'). 

Proof. Proposition l4.12| gives b G APS~^°'^ such that R = b{x, D)a{x, D) — 
I is regularizing, lig = a{x, D)f we have b{x, D)g = b{x, D)a{x, D)f = 
f + Rf, and thus / = b{x, D)g — Rf G G'|p(K'^), since R is regularizing 
and b{x, D)g G Qpl^'^) due to Corollary [331 □ 



5. Applications to operators of constant strength 

Let us recall some definitions from [T3l[Tll[26]. A polynomial P{C)i 
^ G M'', is called s-hypoelliptic, 1 < s < 00, if for some p, < p < 1, 
P > l/s, 

(5.1) \d^pm<c\pm{i + \i\r'^^\ iei>A 

for suitable constants C > 0, A > 0. Moreover, for a given polynomial 
P(0, i e M'^, we set 

(5.2) p(o = (Ei^"^(or 

We say that a polynomial Q{i) is weaker than P{C) if for a suitable 
C > 

(5.3) Q{i)<cm, i^^"- 

If for some C > we have C-^P{i) < Q{i) < CP(0 for all ^ G M'^ we 
say that the polynomials Q and P are equally strong. A partial dif- 
ferential operator with symbol p{x,^) is said to have constant strength 
if the polynomials p{x, ■) and p{y, ■), obtained by "freezing" the space 
variable at two different x, ?/ G M*^, are equally strong for any x,y E M'^. 
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Suppose P is a linear partial differential operator 



\a\<m 

of constant strength with coefficients in G G'|p(R'^) and symbol 
P(^) = E|a|<m o-aix) Set Po(0 = Pi^o, for any xq G R'' and let 
Po{^) , Pi{^) , . . . , Pr(0 be a basis of the finite-dimensional vector space 
of the polynomials weaker than Po(0- Then we may write 

(5.4) ^ = Ec,(x)P,(^ 
which has symbol 

r 

(5.5) p{x,0 = 5^c,(a;)P,(0, x, ^ G R^ 

i=o 

where Cj G G^p(R'^), < j < r. 

We now consider a converse situation. Let s > 1 and let Po(0 
be a fixed s-hypoelliptic polynomial of order m, and let Po(^),Pi(^), 
. . . ,Pr{^) be a basis in the finite-dimensional vector space of the poly- 
nomials weaker than Po(0- We consider partial differential operators 
of the form (15.41) with symbol (15. 5p . Suppose that p satisfies 

(5.6) c.eGliR"), j = 0,l,...,r, and 

(5.7) \p{x,0\>e\Pom, iei>A xeR', 
for some constants e > 0, A > 0. 

Proposition 5.1. // the symbol of the partial differential operator P 
defined by (15. 4p satisfies (15. 6p and (15. 7p then P has constant strength. 

Proof. Let a; G R"' be arbitrary and consider p[x, ■) as a polynomial. 
We have for any a G 

E \<^A^)WPM)\ < + 1) E i9 

3=0 / j=0 

r 

j=0 

for some C > that does not depend on x. Hence 

r 

p{x,o' = E < cY^mf < c,M)\ e e r'^ 

for some Ci > 0, since P,-, j = 0,1,..., r, are weaker that Pq by 
assumption. Thus p{x, ■) is weaker than Pq. On the other hand, the 
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assumption f l5.7p gives 

(5.8) \Pom<C2Pix,0, eeM^ 

for some C2 > 0. In fact, for |^| > A this follows directly from (15. 7p . 
For |,^| < A, we observe that 

(5.9) C^:= J2 Kix)\^>0, 

\a\=m 

since otherwise it would result \p{x,tC,)\ < Cf^'^ for ^ G M"^ fixed and 
t > 1, which contradicts (15. 7p and the assumption that the order of Pq 
is m. Since p(a;, ^)^ > Cx we may conclude that (15.81) is satisfied also 
for lel <A. 

Now (15.81) and Lemma 3.3.15] imply that we have -Po(0 — 
CzV^x,^), ^ G M°', for C3 > 0, and hence Pq is weaker than p{x, ■). It 
follows that p(x, ■) and piy, ■) are equally strong for all x,y E M"^. □ 

In the proof of our final result Theorem 15.41 we need the following 
two lemmas. Their proofs can be found for example in [251 Lemma 
3.3.14] and Lemma 3.3.17], respectively. 

Lemma 5.2. // the polynomial Q{C,) is s-hypoelliptic for some s > 1, 
then there exists C > such that 

\Q{0\ < QiO < ciQiOl \^\>c. 

Lemma 5.3. LetQi,Q2 be polynomials. If QiiO/Q^iO ^■^ bounded for 
large |^| and (^2(0 ^■^ s-hypoelliptic for some s > 1 then there exists 
C > and A > such that 

i5^gi(Oi<ciQ2(oi(i + iei)-i^|^ iei> A 

Theorem 5.4. Let P be an operator of the form (15. 4p where (15. 6p and 
(K7} are satisfied. If s > 1, f e VT^ol^ ) and Pf G G|p(M'^) then 

/eQp(M<^). 

Proof. It suffices to prove that the symbol p{x,^) satisfies conditions 
(I4.25P and (I4.26P for 5 = 0. Corollary 14. 131 will then give the conclusion. 

Observe first that the estimates (15.11) where < p < 1, valid for 
PoiO by assumption, imply 

\Pom>ei{0'"', \^\>A, 
for some £1 > 0, since the order of Pq is m by assumption. Hence from 

m 

and (I4.25P is satisfied with mo = pm. 
On the other hand we have 

r 

(5.10) ia:afp(x,oi <J2\9''c,ix)\\d^p,{oi 

j=0 
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Observe that 

< < CihiO < C2\Pom, lel >A, J = 0, 1, . . . , r, 

Ci, C2 > 0, A > 0, because Pj is assumed to be weaker than Pq, and we 
may use Lemma 15.21 to obtain the last estimate. Hence we can apply 
Lemma 15.31 and obtain 

|a^p,(OI<c|A(OI(i + iei)-i^i^ iei>^>o, j = o,i,...,r. 

Applying f l5.6p to estimate |9°Cj(x)| and f l5.7p . we conclude from fl5.10p 

for some C > and A> 0. Thus fl4.26p is satisfied with p = 1/s and 
6 = 0. The proof is concluded. □ 

Corollary 5.5. Suppose that P is a linear partial differential operator 
of constant strength with coefficients in GlpiJR.'^), such that the symbol 
p{x,^) satisfies: 

(i) p{xo, ■) is a hypoelliptic polynomial for some Xq G M*^, 

(ii) \p{x,t)\ > e\p{xo,^)\ for \^\> A>0, x e M'^, where e > 0. 
Then s > 1, / G W,^,o(^'^) and Pf G Gi^{R'^) imply / e Gi^iR'^). 

Example 5.6. Consider the operator 

p{x,D)= J2 ^c.{x)d" 

\a\<m 

with Ca G G'3,p(M'^) and assume uniform ellipticity: 

b(x,OI>^(er, iei>A ^>o. 

The polynomial Pq = p(0, ■) is 1-hypoelliptic (analytic hypoelliptic), 
and {^"}|a|<m is a basis for the polynomials weaker than Pq (see [HI 
Theorem 10.4.9]). We may then apply Theorem 15.41 

Let us compare with previously existing results. From [351 Corollary 
3.2] we know that if A is a uniformly elliptic operator with coefficients 
in C^(M'^) and / G Cap(M'^), then Af G C^(M'^) implies / G C^(R'^). 
Therefore Af G G'^p(R'^) imphes / G C^{R'^). On the other hand, 
for Af G G^p(M"') we have as well / G G"(M^), in view of [IIlESllin] , 
hence / G C^(]R'') H G"'(M'^). Besides enlarging the space of admissible 
solutions to W}^q(R'^), here we can actually conclude / G G*p(R'^). 
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